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PURPOSE OF THE STSM:

1.

The objectives of the STSM are

Extend the formulation of the reference model such as to cover correlated facility failures, conditions
and/or situations of facility load increase,

Extend the applicability of the demand re-routing/protection model to network infrastructure failures

Use or even enhance advanced optimization methods including adjustable robust optimization and
variable decomposition methods to solve such multi-objective reliability problems. .

The purpose of this mission includes also the elaboration of more detailed description of the failure situations
in combination with applicability scenarios this model/these models enable to cover (and to which extend).

DESCRIPTION OF WORK CARRIED OUT DURING THE STSMS

1.

The formulation of the capacitated Reliable Facility Location Problem (cRFLP) model used for
comparison purposes in this Chapter has been extended to cover in addition to uniform failure
probability distributions and unconditional events i) non-uniform failure probability distributions and
unconditional failure events and ii) non-uniformin failure probability distributions and conditionally
dependent failure events.

It is to be emphasized that the correlated variant of this problem is not covered by current scientific
and technical literature on location theory: only the uncorrelated variant for the cRFLP - the version
document in the initial version of this Chapter - and the correlated variant for the uncapacitated RFLP
(uRFLP) have been reported.

The applicability of the demand re-routing model has also been extended to cover multi-link
protection scenario (thus network infrastructures failures) beyond un/correlated facility failures. This
scenario extends the applicability of the combined multi-product capacitated Facility Location
Routing (cFRLP) model detailed in the current version of the Chapter.

The analysis carried out shows that probabilistic models limit the complexity of the non-uniform and
the correlated variants of the problem to nonlinear programs (quadratic in the allocation variables)
that can be linearized with relatively standard procedures. The situation is different when formulating
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the robust counterpart of these problems since the level of complexity of the robustified problem
increases its complexity class.

Note: two seminars (1h30 and 2h00) were held during this scientific mission to provide a detailed

presentation of the formulations and the results obtained as documented in the initial verison of the
chapter.

DESCRIPTION OF THE MAIN RESULTS OBTAINED

The following additional pages to the Chapter describe the main results obtained:
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5 Reliability

In order to enable the dynamic reallocation of demands upon failore of their assigned facility, we
take advantage of the re-routing capahility of the proposed combined model. For this purpose, we
assumée that the Aow routing decision process is aware of the distribution of the products per facility
{and their availability); we assume the existenco of a non-failable entity which behaves similarly to
a depot that replemshes remaining facilities with data objecis that became inaccessible after the
failure of their (primary) hosting facility. Hence, upon failure of the facility loeation to which they
are assigned, demands are re-routed to other facilities (not impacted by the failure). This resilience
scheme has to be contrasted with one involving demand protection realized in anticipation to any
potential facility failure. Such scheme 15 typically executed without any detailed information (beside
pairwise graph distances) about the network design and Aow routing decizions.

The demand protection scheme considered i= based on the reliability modeling technique intro-
dueced in [17] that relies on the levels assignments strategy. This strategy assigns client demands wo
facilities at multiple levels 0, . .., .J — 1. which denote the level v at which a facility serves a given
client demand. A level—r facility assignment for a chent demand will serve this demand if and only
if all its assigned facilities at lower levels 0, ... ,r — 1 have failed. For a two-level scheme, when
r — 0, we rofer to a primary assipnment and when ¢ = 1 to a backup assignment. Moreover, to
capture the probability that all of the J Facilities may Fail, if a client demand is assigned to exactly
J facilities at levels 0, .. r — 1, it shall also be assigned at level ¢ to a non-failable emaorgency
facility (unless this demand is already assigned to an emergency facility at certain level 5 < r).
Mote that our demand protection scheme involves more elaborated emergency strategios.

5.1 Demand Protection Scheme {upon facility failure)

The properties of the models (detailed in the subsequent sections) underlying the demand protection
zrheme upon facility failure are summarized in Table 5.

Tahle 5: Demand Protection: Model Properties

Property Modsl 1 Maodel 2 Model 3
(Section 5.1.1) | {Section 5.1.2) | (Section 5.1.3)
Frilure Events Independent Independent Conditionally
Dependent
Individnal Faihire Uniform Non-uniform Noo-umiform
Probakality Dhstnbution
Joint Faifure Individual Individual Individual
Probahbility & Conditional
Model complexity Linear Monlinear Nonlinear
Quadratic Quadratic

5.1.1 Uniform Failure Probability - Independent Events

The first demand protection scheme relies on the capacitated variant of the RFLP model mtroduced
by [19]. The ¢RFLFP performs as follows i) a given facility j can only serve a client demand at
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Figure 14: MIP forrmulation of the cRFLP

single-sourcing property, the allocation variables ryy, are binary. Hence, in addition to the facility
location cost, the objective for a primarv-backup demand protection scheme consists of minimizing
the routing cost for the primary assignment of each demand together with the routing cost for
assigning a hackup facility to serve that demand (proportionally to the graph distanee §;; between
the corresponding demand point ¢ and the assigned facility §) in case its primary assigned facility
fails. The cRFLP peneralizes this model to multiple levels ¢ = 0,1.. .., J — 1.

The MIP formulation of the cREFP is presented in Fig.14. In the objective function (see
(273}, the first term determines the total Facility Iocation cost and the second term the expected
transportation cost when facility 7 serves demand point 1 if 1ts lower-level assipned facilities are all
disrupted (occurrence probahility ¢7) and Facility § remains still available (occurrence probability
1 —g). Sinee in our ease, we consider a two-level protection scheme, each demand i= assigned to
one primary facility at level v = (0 and to another (backup) facility at level ¢ = 1. Constraints (34)
ensure that an installed and opened facility § can only serve a client demand at no more than one
lewel.
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5.1.2 MNon-uniform Failure Probability - Independent Events

The base (uncapacitated) variant of the RFLP introduced by [17] and extended to its capacitated
variant by [19] assumes that each potential facility § € 7 is subject to a uniform failure probability
g. That is all Facilities have the same probahility of failing. To cope with more general situa-
tions/scenarios, we have extended the model to non-umiform failure probahilities, ie., the failure
probability g is replaced by a per-facility or a per-site location failure probability g; such that
0 < g; < 1.¥j € J. Observe that now not only capacity constraints may increase the transporta-
tion/routing cost (when demands have to assigned o farther facilities when the nearer ones don't
provide enough capacity) but also the per-facility failure probability sinee it may be more optimal
to assign a client demand to a facility that is farther away but less likely to fail.

Even though the base model covers the case of multiple failures occurnng simultanecusly and
constraints (34) require that a facility can only serve a demand at no more than one level, the
demand allocation strategy at each level ¢ = 0 depends on the oecurrence of facility ailure knowing
that a demand is served at that level instead of relyving on the individual Facility failure probability
or the knowledge that another facility has failed (conditional independent events). Indeed, this
variant of the model enables to cover situations where two failure events ocourring at facility
3 =1 and § = 2 respectively are conditionally independent -given the occurrence of a disaster
event for instance- albeit, given knowledge of whether the dizaster evemt occurs, lknowledge of
whether facility 7 = 1 fails provides no information on the likelihood of the failure cccurrence
of facility 7 = 2, and knowledge of whether facility §j = 2 fails provides no information on the
likalihood of the failure occurrence of facility j = 1. These conditions determine the common
form of conditional independence, where events are not statistically independemt but they are
conditionally independent.

Consider that the primary single assitnment (at level ¢ = 0) to facility § of a demand originated
by client i depends on the availability of that facility with probability Fije = (1 — g), where
;{0 < g; = 1) corresponds to the individual failure probability of facility 7 £ J. At level r =1,
the probability that facility j serves client ¢ at level r = 1 is then determined by Fjp = (1 -
;) Ep&i’ 4p/ (1 — @) PigkoTipio. thus (1 — gjlg, given that facility p serves client f at level r = 0.
The simplification included as part of the baze model, renders its formulation easy enough to be
zolved on large instances. The proposed seneralization to non-uniform failure probabilities increase
the level of realism of the model at the detriment of increasing its complexity. Indeed, for the
extended model, the obhjective function is more involved

Dot Y3 Y Syt (PykeioTaie—0) + Pikr=1Tighe(=1)) - (38}
=T iel Jed kel
together with

Fiirt=0) = Fijen = (1 — g5) (39)

Pitri=1) = Pk = (1 — 3) Y, @/ (1 — 5} PrikoT ko (40)
ped
Thus, the second term of the objective hmction (38} includes the product Figprie of two
binary variables P, and T, To linearize this product, one imroduces an auxiliary variabla
Lijkr = Tijkr Fiphr together with the following set of constraints 1) i < Tajbr. i) Gjkr < Fijkr, and
1) Gijlr = Tighe + Fjir — L.
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Ohserve that the formulation of this model for demand protection, which involves binary vari-
ahles as consequence of the single sourcing property of the model, can be relatively straightforwardly
Iinearized. Though the resulting formulation is polynomial in size, this procedure increases never-
theless both dimensionality (due to the introduction of smdliary vanables) and size of the problem
{due to the additional associated constraints) in addition to potentially producing for large-scale
instances a significant gap between the IP and the LP relaxation. In general, the single assignment
property yields formulations of facility location models whose solving are more computationally
demanding than formulations involving fractional assipnment variables z. In the latter case how-
ever, their product does not allow anyvmore the application of the above linearization procedures.
For products of lower- and upper-hounded contimuons variables (in formulations involving hilinear
terms), the linearization procedurs involves technigques such as MeCormick envelopes and plecewise
MeCormick relaxation, a convex relaxation techniques which can provide a sufficiently tight lower
bound.

5.1.3 MNop-uniform Failure Probabhility - Conditionally Dependent Events

Moreover, even with individual non-uniform failure probabilities, facility failures remain indepen-
dent events and their probability of oceurrence unconditional, i.e., simultaneity of evems does not
translate the potential inter-dependence betweon facility failure evenis. Such situations may occur
due to the spatial correlations among facility failures/disruptions; in such conditions, neighboring fa-
cilities are more likely to fail simultanecusly, and chients will find it more costly to reach an available
Farility that would be able to serve their demands, i.c., offering the requested products k. Temporal
correlations between failure events may also oceur due to (sometime unknown/unprecedented ) age-
ing effects that would lead to gimikir remedial actions involving the re-allocation of client demands
from their primary assigned facility (at level r = 0) to their assigned backup facility (at level r = 1).
Other situations due to temporally correlated events include maintenance actions that affect a sub-
sot of the installed facilities following massive attacks/denial-of service events. Note that even more
complex cascades of event patterns may arise that afect a subset of installed facilities that may
not necessarily be apticipated.

To cover the cases where facility fallures can be correlated, we have extended the model to joint
probability distributions for conditionally dependent failure events, enabling to cover situations
where hoth primary and backup demand assienments are not determined independently, Consider
that the primary single assipnment (at level r = 0] to facility 7 of a demand originated by client i
depends on the availability of that facility with probability Fjje—n) = (1—g;0}, where g represents
the unconditional individual failure probability of facility 7 & J. At level ¢+ = 1, the probability
that Facility § serves client ¢ at level » = 1 is then determined given that facility p serves client @
at level r = 0 by FPyr=1y = (1 — ajp)8p0/ (1 — gpa) Fipto = (1 — Qjip )0 instead of (1 — g;)g,. The
probability g, translates the failure probability of facility j given the failure ocourrence of facility
p with probability q,. The objective function is then becomes

Y ity Y it (Prikr=a)Tijke=0) + Pikr{=1)Tijhe(=1)) : {41}
=) =T jeJ kekl
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Figure 15: MIP formulation of the Extended «<RFLFP
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together with
Bygr(=oy = Figko = (1 — g;u0) (42)
Pttty = Pir = 3 _ (1= a1,/ (1 — 450} Prghe—0)Tiphr(=0) (43}
ped

As for the independemt case with non-uniform failure probability, the second term of the ohjec-
tive fumction includes the product Fiprye of two binary variables Fyp, and 25, To linearize
this product, one relies on the procedure/transformation detailed here above.

Observe also that the introduction of conditional failure probability to account for dependent
ovanis does not increase the complexity of the model compared to the one involving unconditional
{individual] failure probability for independent events. This ohservation can be again explained by
the use of binary allocation variables ¢ following the single-sourcing property of the demand protec-
tion model and the pairing of a unique facility at level r+ 1 and a unique facility at level r to account
for the transitional probabilities between adjacent levels. One would use fractional allocation vari-
ables, the formulation of the objective would be significantly different. Consider for instance, at
Iewvel » = 01, a subset of more than ong facility would serve the demands criginated by eliont i,
the transitional probabilities would involve more than one fractional allocation variable (sinca the
demand could be served by more than one facility at each level). For the formulation involving
hinary allocation variables, this result is counter-intuitive since it is commonly assumed fexpected
that the mjection of conditional fallure probabilities as part of the problem significantly increases
its complexity.

FUTURE COLLABORATIONS (if applicable)

The second part of the mission will be dedicated to

1. The solving of the problem outlined in point 2) of the mission statement/purpose with
representative execution scenarios.
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2. Documentation (dedicated Chapter section) of most important/representative subproblems in
addition to the one already documented (in relation to content distribution/centric networks) and
solving method (already documented in the current version of the Chapter).

3. If time allows: quantify tradeoff (computational cost/tractability vs. solution properties/quality)
between robustified formulation and probabilistic formulation of demand protection schemes.




